Soap Bubbles, Cheesecake Factories
& Cell Phone Towers
Teacher Notes


The Right Stuff: Appropriate Mathematics for All Students
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The Right Stuff

Appropri | Students




Promoting the use of materials that engage students in meaningful activities that promote the effective use of technology to support mathematics, that further equip students with stronger problem solving and critical thinking skills, and enhance numeracy.

Overview
Students will find the node on a Voronoi diagram by 

· Equations of lines – Students will be able to write the equation of a line given two points or a point and the slope of the line.
· Midpoint of a line segment – Students will be able to find the coordinates of the midpoint of a line segment.
· Perpendicular bisectors – Students can use the definition of a perpendicular bisector of a segment to find the equation of that line.
· Finding the intersection of two lines – Students can find the intersection of two lines graphically and algebraically.
Supplies and Materials

· 5.1 Student Worksheet
· 5.3 Excel file (required for item #10)  
Prerequisite Knowledge

         Student must be able to plot points using Excel or a handheld.  Students must be able to find the slope 
         between two points, the equation of a line, the midpoint of a line segment, and the slope of a line 
         perpendicular to a given line.
Instructional Suggestions

1. Discuss the picture shown in the introduction (student worksheet).  Ask the students to explain, in their own words, what a Voronoi region is.
2. With technology or algebraically, find the equation of the perpendicular bisectors.
3. Discuss Figure 4 relative to the concept of a Voronoi region.
4. Find the coordinates of the node and discuss the practical significance of that point.  See the picture in the Excel file in the worksheet “Locations.”  How would the node for the three points, B, I and D, be significant?
5. Discuss how the transition was made from units on the graph to actual miles.

Assessment Ideas

        Find the node for the three points (1, 1), (5, 9), and (3, 17).

        If the scale is one unit = 500 feet, how far is the node from each point?

	Introduction

The goal of this activity is to create Voronoi diagrams on a two-dimensional plane using points already established. 

In addition, you will examine how Voronoi diagrams change as the points in the plane are placed in specific locations.
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Voronoi Diagram

	“Voronoi diagrams are not only useful, but also important. For example, there are five fire stations in Chapel Hill. In an emergency, the fire department must send out their trucks as quickly as possible. To do this, they must choose to dispatch their trucks from the closest fire station. In this situation, the five fire stations are a set of points. After making a Voronoi diagram of this set of points (or the fire stations), it becomes clear from which station the trucks should be dispatched. For highest efficiency, the fire trucks should be dispatched from the station corresponding to the Voronoi polygon that contains the location of the fire. This application of Voronoi diagrams also applies to retail, public transportation, and shipment of resources. Voronoi diagrams are also applied in more complex ways. For example, in astronomy, Voronoi diagrams identify star clusters and galaxies. Voronoi diagrams are also used in biology. By splitting land into Voronoi polygons based on species of plants, plant competition can be studied. Similarly, in archaeology, remnants of pottery and buildings can be setup as a Voronoi diagram, dividing land into different regions of cultural influence. There are at least 30 other practical (real world) applications of Voronoi diagrams including crystallography, geology, metallurgy, cartography, and finite element analysis.”

From: http://en.wikipedia.org/wiki/User:Nackman



	The formal definition of a Voronoi Diagram (right) can be simplified. 

Start with a set of points, P1, P2, P3, … Pn.  All the points on the plane closer to P1 than any other point, Pi , make up a Voronoi cell; a polygon that contains all the points closest to P1.  A Voronoi Diagram is made up of the polygons that make up each cell.

The segments of the Voronoi Diagram are all the points in the plane that are equidistant to two points, Pi and Pj.  The Voronoi nodes are the points equidistant to three points, Pi, Pj and Pk.
	Mathematical definition of Voronoi Diagram

• Let P be a set of n distinct points (sites) in the plane.

• The Voronoi diagram of P is the subdivision of the

plane into n cells, one for each site.

• A point q lies in the cell corresponding to a site pi ∈ P

if and only if Euclidean Distance (q, pi) < Euclidean distance(q, pj),

for each pi ∈ P, j ≠ i.



	Consider two points on the coordinate plane:                   

     P1 located at the coordinates (3, 2)

     P2 located at the coordinates (9, 5)
The line dividing the set of points closer to one point over the other is the perpendicular bisector of the segment between the two points.

1. To find the equation of the perpendicular bisector:
a. Find the slope of the line segment joining P1 and P2.
b. Find the midpoint of the line segment joining P1 and P2.
c. Find the slope of the perpendicular by taking the negative reciprocal of the slope of the segment joining P1 and P2.
d. Find the equation of the line using the point in (b) and the slope in (c)
e. Verify the equation of the perpendicular bisector shown in Figure 1.
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Figure 1
m = (5-2)/(9-3) = 3/6 = 1/2                                            y = - mx + b


MidPoint = ( (3+9)/2 , (2+5)/2 ) = (6, 3.5)             3.5 = -2(6) + b


m┴ = -1/(1/2) = -2                                                                b = 15.5

 
                                                                                                    y = -2x + 15.5


	The Voronoi Diagram of two points is simply two half planes.

Now, let’s consider three points:  
P1 (3, 2), P2 (9, 5) and P3 (1, 6).

2. Find the equation of the perpendicular bisector between points P2 and P3.

Figure 2
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m = (6-5)/(1-9) = -1/8                                              y = 8 x + b

MidPoint =                                                                  5.5 = 8(5) + b
( (1+9)/2 , (6+5)/2 ) = (5, 5.5)
                                                                                             b = 34.5
m┴ = -1/(-1/8) = 8
                                                                                            y = 8x - 34.5

	3. Find the equation of the perpendicular bisector between points P1 and P3.

m = (6-2)/(1-3) = -4/2 = -2

MidPoint = 
( (1+3)/2 , (6+2)/2 ) = (2, 4)

m┴ = -1/(-2) = 0.5

y =  0.5 x + b
  4 = 0.5(2) + b
  b = 3
y = 0.5x + 3

Figure 3
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	Portions of the perpendicular bisectors found previously will form the borders for the cells within the Voronoi Diagram. 

4. Shade Figure 3 with three distinct colors to show the cells that make up the Voronoi Diagram for these three points.
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	The perpendicular bisectors will now form the edges of each Voronoi Cell.  Removing the part of the lines that aren’t edges will result in a Voronoi Diagram of the three points.  

Notice that the point of intersection of the three perpendicular bisectors is the ONE point equidistant from all three points; 
P1, P2, and P3.

This point is the only node in this Voronoi Diagram.

Figure 4
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	5. Find the coordinates of the node in Figure 4.
	The node may be found using any two of the equations found above either algebraically or using technology.

y =  8x – 34.5
y = -2x + 15.5

y =  8x – 34.5
4y = -8x + 62

·  5y = 27.5
y = 5.5

· ( 5, 5.5)
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	Locating the node, the point equidistant from three other points, is an application of interest.  

For example, suppose there were three cell phone towers and the reception in the region between them was not the best.  The node would be where the next tower might be located.

The same may be true for restaurants; like the Cheesecake Factory.  The map (right) shows the location of three Cheesecake Factories in NW Chicago.  A new restaurant is to be built at the point equidistant from the other three – the node.

6. Find the location (the coordinates) of the new Cheesecake Factory.

	Cheese Cake Factory Locations
P1
(0.65, 1.1)
P2
(3, 5.2)

P3
(6.7, 1.5)
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The node is located at the point (3.6, 2.1).

	The coordinates shown here are the coordinates of the three green diamonds – located on the scale.  The points indicate how the distance on the scale relates to the distance between points on the graph. 
7.  About how far will the new restaurant be from the other three?


	6.62

5.17

7.43

5.17

7.85

5.17

Miles and Kilometers

Each point is about 8 miles from the node.  Distances from each point to the node are listed below.

The distance from the node to each point is shown here.

Node to

        # miles

B

3.114884

7.691071

I

3.157531

7.796372

D

3.157531

7.796372

The values in the table at the top of this section were rounded, which led to slightly different distances.  


	Finally, there are weighted Voronoi Diagrams. These occur when the regions are not bounded by midpoints but by other factors.

For example, if trees are planted at different times their root systems begin to spread out before trees planted later. The circles represent the root system of trees planted at the five points.

As the root systems continue to grow, at some point they meet and do not grow any farther in that direction. They continue to grow until they fill their own Voronoi Polygon.

The progression of growth is seen in the next two figures.

As you can see, the figure begins to look like a collection of soap bubbles!  Soap bubbles are one representation of 3-dimensional Voronoi Diagrams.
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Figure 7
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Figure 8
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Figure 9


	8. Consider the case that all the trees were planted at the same time but they grow at different rates.  If the tree planted at (12, 8) is growing three times as fast as the one planted at (7, 2), find the equation of the segment that borders those two root systems.


	The midpoint of the segment that joins (12, 8) and 
(7, 2) is (9.5, 5).

The midpoint of the segment that joins (7, 2) and 
(9.5, 5) will be three-fourths of the way from (12, 8) to (7, 2):   (8.25, 3.5)

The slope of the perpendicular is -5/6.

Thus the equation is 

  y = -5/6 x + b

  3.5 = -5/6(8.25) + b
  ( b = 10.375

  ( y = -5/6 x + 10.375
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